Abstract The representation theorem and the law governing the summation of random variables implies that, given that the slip amplitudes generated during an earthquake are distributed according to the Lévy law, the recorded ground motions will be approximately distributed according to the Lévy law. According to this formulation, the tails of the probability density functions (PDFs) of the slip and ground motion metrics are both attenuated according to a power law characterized by a single exponent, the Lévy index α.
Introduction
The 2003 Tokachi-oki earthquake (M w 8.3) that occurred in the southern Kuril subduction zone, is the largest interplate earthquake recorded by the dense broadband strong-motion seismometers of the K-NET and KiK-net networks (Kinoshita, 1998; Aoi et al., 2000 Aoi et al., , 2004 . The ground motion was recorded at 655 stations. The KiK-net seismic array consists of borehole seismometers (located at 100 m or more depth) and surface seismometers, while the seismometers of the K-NET network are all located at the ground surface. Ground motions recorded by borehole seismometers during this earthquake can be assumed to be almost independent of shallow soil conditions and quasi-free of high-frequency reverberation (Koketsu et al. 2004) . Several source models of this earthquake have been constructed using teleseismic body waves, strong-ground motion, tsunami waveforms, or a combination of these data sets (Yamanaka and Kikuchi, 2003; Honda et al., 2004; Koketsu et al., 2004; Tanioka et al., 2004; Yagi, 2004) .
The high quality and the large number of stations observing this earthquake provide a unique opportunity to investigate the random properties of the ground-motion data.
In particular, the number of records observed by borehole seismometers at the KiK-net stations is large enough to allow a comparison with the records observed at the ground surface at the K-NET and KiK-net stations. With regard to source models, two of the source models mentioned previously in this paper included a sufficient number of subfaults to perform a statistical analysis of the slip distribution. In this paper, we will consider the source models inverted by Honda et al. (2004) and Koketsu et al. (2004) .
The basic idea of this investigation is to compare the random properties of earthquake processes from their initial manifestation in the rupture process, as imprinted in the spatial distribution of slip values, to their propagation by seismic radiation across the lithosphere to their final destination in borehole and ground surface seismometers. The rationale for this comparison has its basis in the observations that the nonGaussian probability law for ground motion metrics (Gusev, 1989 (Gusev, , 1996 Tumarkin and Archuleta, 1997 ) may find its origin in the probability law controlling the stress drop spatial distribution over the faulting region or, equivalently, in the probability law governing the distribution of slip values generated during an earthquake. We assume that the stress drop and the slip are related by the linear relation discussed in Andrews, 1980 , and are thus characterized by similar probability laws. The basic idea supporting this hypothesis rests on the fundamental properties of linear-wave propagation and on the generalized central limit theorem (i.e., the law governing the summation of random variables). The diagram in Figure 1 illustrates how the interplay of these two principles leads to the coupling of the random property of the earthquake source models to the random property of the ground motion (additional details can be found in Lavallée and Archuleta, 2005; Lavallée, 2008) .
According to the hypothesis illustrated in Figure 1 , the probability law describing the peak ground accleration (PGA) variability should be independent, at least as a first approximation, of the position of the seismometers. In this paper, we test this hypothesis with PGAs recorded by borehole and ground-surface seismometers during the 2003 Tokachi-oki earthquake. We selected stations located within a closest distance to the rupture surface that varies from 50 to 250 km. To test the effect of the distance on the computed random properties, these stations were divided into several subsets. These subsets consisted of stations that are distributed within distance intervals that vary in length or size and also with respect to their closest distances to the rupture surface.
In addition, we analyzed the probability laws associated with the slip spatial variability for the source models inverted by Honda et al. (2004) and Koketsu et al. (2004) . For this purpose, we compute random models of the two slip spatial distributions following a procedure discussed in Lavallée et al. (2006) .
Random Model of the Earthquake Ground Motions
In devising a random model of the earthquake process, from the source to the ground motion, we have to take into account the constraints imposed by the physics underlying the earthquake process, as well as the available empirical observations. When possible, we should also infer and predict the consequences and effects of the model formulation on any ensuing physical process. For instance, the assumption that the source spatial heterogeneity is captured at least approximately by a random model has a consequence on the random properties of the radiated field. The consequence is a coupling between the random properties of the source parameters and the random properties of the ground motions. The coupling is established by drawing a parallel between the mathematical formulations of two fundamental principles: the representation theorem (Aki and Richards, 2002) and the generalized central limit theorem (Zolotarev, 1986; Uchaikin and Zolotarev, 1999) .
The representation theorem provides the linear relationship between the source parameter and the radiated seismic field. For the sake of simplicity, consider the relationship for the ith component of the far field u i x; t that can be approximated by the expression
(1) where Δ _ u j t 0 is the slip velocity, x is the point of observation, r jx ξj is the distance between the receiver and the point source located at ξ on the fault surface, t 0 is a lagged time, and f j r is a function that involves other parameters and variables. The fault is divided into N Subfault subfaults with index j. Note that the formulation adopted here is similar to the formulations discussed in appendix B of Heaton and Hartzell (1989) and Tumarkin and Archuleta (1994) ; for a more general formulation, see Aki and Richards (2002) . Now assume that the unique source of randomness in equation (1) is the slip spatial heterogeneity Δu j t X j g j t, where g j t describes the slip time evolution and X j is a Lévy random variable (Lavallée et al., 2006) . The random property of the far field u i x; t at a given position Figure 1 . (a) The principle of superposition of linear waves stipulates that, during an earthquake, the signal recorded at a given distance from the fault is essentially the sum of the seismic waves radiated by point sources distributed over the fault surface. (b) According to the central limit theorem, a combination of Lévy random variables Xα; β; γ; μ-symbolized by dice-will result in a random variable that also belongs to the Lévy law (Uchaikin and Zolotarev, 1999) . The resulting random variable will be characterized by the same parameter α; that is, the tail of the probability density function decreases with a power law proportional to jXj α 1 . (c) At the source during an earthquake, the fault slips and generates elastic (linear) waves in the surrounding medium. We assume that the seismic wave generated by the slip is proportional to the slip. If the slip is distributed according to a Lévy law with parameter α, the seismic wave also will be distributed according to that parameter. The seismic wave can be understood as a random variable modulated by an oscillatory time function. Thus, at any time, the wave is distributed according to a Lévy law with β, γ, and μ function of time, but the parameter α remains identical at any time. (d) Because of the principles in (a) and (b), the sum of seismic waves distributed according to the Lévy law is a signal distributed according to the Lévy law. Thus, the recorded ground motion and the slip distribution can be approximated by the Lévy law with the same parameter α. Note that the illustration here is not related to the dice earthquake game discussed in Bolt (1978) . r and at a given time t is thus given by a sum of random variables X j multiplied by a real number given by the product of _ g j t by f j r and other real constants omitted in equation (1):
where A j is a real number equal to the product of _ g j t multiplied by f j r.
If we assume that the random variables X j are distributed according to a uniform law (Boore and Joyner, 1978) , then the random properties of u i x; t at a given position r and at a given time t are essentially given by a sum of uniformly distributed random variables weighted by real numbers A j . It is well established that such a sum will result in a random variable u i x; t distributed according to the Gauss law (e.g., Papoulis, 1991, p. 215; Denker and Woyczynski, 1998, p. 160) . If the random variables X j in equation (3) are distributed according to the Gauss law (Liu-Zeng et al. 2005) , then u i x; t is also distributed according to the Gauss law. Whether the X j are distributed according to the uniform or Gauss law, in general the mean μ and variance σ of the Gaussian random variable u i x; t depend on x and t. In both cases, the prediction that u i x; t is distributed according to the Gauss law is a consequence of the central limit theorem (see Feller, 1971, and Papoulis, 1991, among others) . Now consider the case where the X j are distributed according to the Cauchy or the Lévy law (for empirical evidences, see Lavallée and Archuleta, 2003, and Lavallée et al., 2006 ; for other applications, see Gusev, 1992 , Kagan, 1994 , Marsan, 2005 , and Ouillon and Sornette, 2005 . The probability density function (PDF) of the Lévy law is specified by a set of four parameters: α, β, γ and μ. The Gauss law (α 2) and the Cauchy law (α 1, β 0) are special cases of the Lévy law. Except for α 2, the PDF of the Lévy random variable X decreases asymptotically as a power law given by the expression
(For additional details about the Lévy law, see Feller, 1971; Zolotarev, 1986; Grigoriu, 1995; Nikias and Shao, 1995; Uchaikin and Zolotarev, 1999; and Sornette, 2004) . Probability laws characterized by equation (4) are sometimes named heavy-tailed laws. A fundamental property of the Lévy random variables is that a linear combination of Lévy random variables X j α; β j ; γ j ; μ j is also a Lévy random variable:
Xα; β; γ; μ
with real numbers A j and B. The dependence of the parameters β, γ, and μ on the parameters α, β j , γ j , and μ j and the numbers A j and B can be found in Zolotarev (1986) . This property of the Lévy random variables to replicate themselves under summation is sometimes labeled as the generalized central limit theorem. Thus, according to equations (3) and (5), both u i x; t and the random variables X j associated with the slip spatial heterogeneity are distributed according to the Lévy law and are also characterized by the same Lévy index α. Furthermore, according to equation (4), the PDFs of both u i x; t and X j are decreasing asymptotically with the same power law dependence toward α. A formal application of the central limit theorem is based on the assumption that the X j are statistically independent. In general, we cannot prove that the slip corresponds to independent random variables. However, we can assume that the slip (X j ) is proportional to nested sums of independent and identically distributed random variables; for details, see Lavallée et al. (2006) and the section, Random Models of the Slip Spatial Distributions. For the sake of simplicity, the nested sums are omitted in equation (3).
Note that in equation (3), the quantitative information characterizing the specific location where the ground motion u i x; t is recorded is determined by the parameters A j . Thus, ground motion u 0 i x 0 ; t recorded at a different location x 0 will differ by the set of values A j used in equation (3). However, the same rationale used to determine the distribution of ux; t can be applied to the ground motion u 0 x 0 ; t and will lead to the same conclusions. Thus, ground motions recorded at different locations are all distributed according to the Lévy law. The parameters β, γ, and μ characterizing the ground motion at a given site are dependent on the site location; that is, on the values of the parameters A j in equation (3). However, ground motions recorded at different locations are all characterized by the same α, which is the parameter α characterizing the random variable X j in equation (3). The analysis presented in the next section (Ground Surface and Borehole PGA Recorded during the 2003 Tokachi-oki Earthquake) is based on this property that the parameter α is identical for ground motions recorded at different locations. A generalization of the results discussed here can be found in appendix B of Lavallée (2008) .
This hypothesis was first tested by comparing the random properties of the slip distribution inverted for the 1999 Chi-Chi, Taiwan, earthquake to the random properties of the PGA recorded during this earthquake (Lavallée and Archuleta, 2005) . Note that, according to equations (3) and (5), the statistics of the high-frequency as well as the low-frequency ground motions should be described by the Lévy law. A subsequent comparison of the random properties of the slip inversion for the 2004 Parkfield, California, earthquake and the PGA and PGV (peak ground velocity) recorded during this earthquake also confirms this prediction (Lavallée, 2008) . For both earthquakes, the probability density functions associated with the slip and the ground motion metrics decrease with a functional behavior given by equation (4), with α close to 1 for the Chi-Chi earthquake and to 1.1 for the Parkfield earthquake.
Thus, the results obtained for the 1999 Chi-Chi and the 2004 Parkfield events suggest that the probability laws associated with the earthquake processes depart significantly from the Gauss law (see also Gusev, 1989 Gusev, , 1996 Tumarkin and Archuleta, 1997) . Computation of the histograms of the moment released for the 1999 Chi-Chi earthquake confirms that the probability law "is essentially non-Gaussian in nature" (Raghu Kanth and Iyengar, 2008) . Furthermore, Neuman (2008) reports that, for fractured rocks, the distributions of fracture-length scales also follow a power law. Compared to a Gauss law, the effect of the Lévy law (α < 2) is the alteration of the relative frequency of large random values when compared to the most probable random value. This effect is more important as α → 0. The tail of the PDF of the Lévy law (α < 2) decreases as a power law (see equation 4), while the tail of the PDF of the Gauss law decreases as an exponential function and thus at a faster pace than the Lévy law. Consequently, for a similar range of random values, the frequency of observing large values is higher when the random variables are distributed according to the Lévy law (α < 2) and lower when the random variables are distributed according to the Gauss law. In the context of source modeling or ground motion prediction, random values located in the tail of the PDF correspond either to large slip values or large ground motions. A description of the distribution of the slip based on the Gauss law will thus underestimate the frequency of large slip values when compared to a description based on the Lévy law (α < 2; e.g., Lavallée et al., 2006) .
The hypothesis outlined previously in this paper predicts the distribution of each value recorded in the ground motion, although the parameters of the distribution β, γ, and μ will be time dependent. This hypothesis is thus largely independent of the rule chosen to select the values in the ground motion. The hypothesis is also independent of linear transformation of the ground motion. For instance, the ground-motion velocity is obtained by integration or a discrete sum of the ground-motion acceleration. Thus the hypothesis discussed previously here is also valid for the ground-motion velocity (for details, see Lavallée, 2008) . The PGA is just a subset of values selected (according to a set of rules) among all the values available in the recorded ground motion. Because all the values in the recorded ground motion are distributed according to the Lévy law, so will a subset of these values be distributed (see Fig. 2 for an example).
Finally, the assumption that the PDF of the groundmotion values is symmetrical (the parameter β 0) will suggest that the PDF tail of the absolute ground-motion values will fall off with the same power law behavior as the PDF tail of the original (nonabsolute) ground-motion values. For instance, consider the random variables w characterized by the Cauchy law with parameters γ and μ (α 1, β 0). Then the PDF is given by
with an asymptotic expansion given by
The tail of p Cauchy w decreases as w 2 , as predicted by equation. (4) with α 1. The PDF of a random variable v is defined as the absolute value of w; that is, v jwj can be computed by using the following relationship:
Substituting equation (6) into equation (8) yields, after integration,
The asymptotic expansion of pv gives
and the tail of pv is decreasing as v 2 , as in equation (7) for the Cauchy law (see also Fig. 2 ).
These results suggest that the tail of the PDF of the PGA or PGV can thus be approximated by the Lévy law. The parameter α, controlling the PDF tail attenuation, is thus independent of the selected ground-motion values and should be the same for all the ground-motion values. This hypothesis was tested in Lavallée (2008) , where it was found that the PDF of the PGA and the PDF of the PGV recorded during the 2004 Parkfield earthquake were both decreasing with a power law behavior approximated by equation (4) and characterized by a parameter α close to 1.1.
Ground Surface and Borehole PGA Recorded during the 2003 Tokachi-oki Earthquake
Under the assumption that the position x where the signal is recorded is not too far away from the fault, the hypothesis discussed in the previous section also stipulates that the probability law of ux; t is largely independent of x (see Gusev, 1996) . (From now on, the index i is omitted when referring to the ith component of the ground motion ux; t.) The PDF tail of any ground-motion metrics should be approximately attenuated by the same power law behavior (see equation 4), whether the signal is recorded at the surface or at the bottom of a borehole. Here, we assume that the site-specific effects such as shallow nonlinear soil effects, liquefaction, directivity effects, and soil differentiation (or combination of these effects at a given site) can be ignored to this order of approximation.
As indicated in the previous section, although the ground motions recorded at different locations are distributed according to the Lévy law with the same parameter α, the values of the parameters β, γ, and μ depend on the site location. To minimize the intrinsic spatial variability of the parameters β, γ, and μ when compared to the parameter α for ground motion recorded at different sites, the analysis focuses on the extreme values present in the recorded ground motion. The assumption here is that the distribution of extreme values is more sensitive to the parameter α, even if recorded at different locations. Numerical evidences presented in the appendix in Lavallée et al. (2006) suggest that, under certain limited circumstances, it is possible to estimate the parameter α of a set of random variables characterized by different parameters β, γ, and μ. Thus, the model presented in the previous section (Random Model of the Earthquake Ground Motions) is tested for the PGA recorded at the ground surface and at the bottom of the boreholes during the 2003 Tokachi-oki earthquake (Fig. 3) . This is done by computing the PDF of the PGA and fitting the Lévy law. The signal recorded at a station is divided into three components: north-south, east-west, and up-down.
In this analysis, we are using the PGAs of the three components. We also consider the PDF of the absolute value of PGA (see Figs. 4 and 5) typically used in the probability seismic hazard analysis (e.g., McGuire, 2004 ). Hence we can expect that the tail functional behavior of the PDF of the PGA (which is essentially constrained by the frequency of observations of large PGA values) to be a rather good measure of the parameter α (R. J. Archuleta, personal commun., 2006). This makes the PGA a very good candidate to test the hypothesis discussed in the previous section (Random Model of the Earthquake Ground Motions; see discussion in Lavallée, 2008) .
The curves illustrated in Figures 4 and 5 suggest that the spatial distribution of the PGA is a function of the closest distance between a station and the fault plane. This implies that the random properties of the PGA are also dependent on the closest distance between a station and the fault plane. In other words, the parameters β, γ, and μ characterizing the distribution of a PGA recorded at a given station are -10.
- Lévy law, with parameters μ 0 and γ 1. The theoretical curve of the probability density function of the Cauchy law with these parameter values is given by the continuous curve. The random variables take values bounded between 15 and 15. In each set, we select the maximum value X max maxfX 1 ; X 2 ; …; X 10 g. The (discrete) PDF of the set maxima X max is illustrated by the gray bars. Note that the shape of the PDFX max is typical of the shape of the PDF of the jPGAj (for instance, compare with figures in the next section, Ground Surface and Borehole PGA Recorded during the 2003 Tokachi-oki Earthquake). (b). The right tails of the curves illustrated in (a) on a log-log plot. The two curves decrease with the same power law behavior ∼X α 1 max X 2 max . This suggests that the tail of the PDF of X max can be approximated by the Cauchy law or by the Lévy law, with a proper fall-off of the PDF tail (α ∼ 1). (c) Same as in (a), but the random variables are distributed according to the Gauss law (μ 0 and σ 1). (d) As in (c), the curve asymptotes are parallel, and the tail of the PDF of X max can be approximated by the Gauss law. These results suggest that the law governing the PDF tail of the random variables X largely controls the functional behavior of the PDF tail of the maximum values X max observed in each of these sets. In this paper, we assume the same relationship between the probability law of the ground motions and the probability law of the PGA. dependent on the closest distance between a station and the fault plane (see also discussion in Lavallée and Archuleta, 2005) . To reduce the effect of this dependence, the PGA values in Figures 4 and 5 are divided into subsets of values located in a window bounded by the minimum and maximum closest distances. The size of the window is chosen in such a way that the number of PGA values is large enough to compute the functional behavior of the PDF of the PGA but small enough to minimize PGA variability due to variation in the closest distance. In any window, we assume that variations in the random property are approximately independent of the closest distance to the fault surface. In other words, we assume that spatial variation in the parameters β, γ, and μ for PGA recorded at different stations, but located in the same window, is not important enough to prevent the estimation of the parameter α identical for all the recorded PGA. To test the effect of the size of a window on the computed PDF, we computed the PDF of the PGA for stations located within windows of different sizes. To investigate any dependence in the location of the window, we also compute the PDF of the PGA for windows centered at different positions along the closest distance axis (see Figs. 4 Huyse et al. (2010) to account for geometrical attenuation. In Huyse et al. (2010) , the empirical distribution of PGA is computed for two-well recorded aftershocks of the 1999 Chi-Chi earthquake.
The results illustrated in Figures 6 to 11 suggest that the Lévy law provides an accurate description of the PDF of the Figure 9 . (a) The probability density function (PDF) of the jPGAj recorded at the bottom of the boreholes for the KiK-net stations located between a distance of 125 and 200 km is compared to the curves of the Lévy law that best fit the PDF (gray curve).
(b) The right tails of the curves illustrated in (a) on a log-log plot. As predicted by equation (4), the PDF tails decrease according to a power law jPGAj α 1 with α close to 1. † The number of PGA events used to compute the PDF for every window.
‡ p represents the probability law; α, β, γ, and μ are the four parameters needed to specify the Lévy law.
PGA. For stations located between 50 and 250 km, the rate of decrease of the PDF tails of PGA, which is controlled by the Lévy index α, is almost invariant under translation of the location and the size of the window used to compute the PDF. As predicted by the model discussed in the previous section, the parameter α takes similar values for PGA recorded at the surface and at the bottom of the boreholes. Although fewer stations were used in computing the random properties of the PGA recorded at the bottom of the boreholes, the values are consistent with those computed for the PGA recorded at the surface. Furthermore, the spread of α values reported in Tables 1 and 2 is similar for both spatial configurations of seismometers. Under the assumption that α 1 for the PDF of the absolute PGA, all the values computed in this study and listed in Tables 1 and 2 are within the uncertainty of 0:3. This uncertainty is similar to the uncertainty estimated when comparing the parameters used to generate a finite number of Lévy random variables to the parameters that best fit the computed PDF of the same Lévy random variables (see appendix in Lavallée et al., 2006) . Thus variations in the parameters α computed for the different settings are within the variation expected from the analysis of a similar number of random variables generated under conditions as close as possible to ideal conditions. Usually, it is understood that recorded ground motions are dependent on shallow soil conditions that may potentially include nonlinear soil effects. Note that a proper weighting of the mechanisms responsible for site amplification is still debated. For instance, Field et al. (1997) and O'Connell (1999) explained much of the same data using two different causative mechanisms responsible for site amplification: nonlinear site versus a combination of linear site response with scattering of seismic waves in the upper kilometers of the crust. The results obtained for ground motions recorded at the surface and at the bottom of the boreholes suggest that nonlinear shallow soil property does not significantly affect the attenuation law of the PDF tails of PGA recorded at the surface (see also discussion in Lavallée, 2008) . For ground motions recorded at the surface and at the bottom of the boreholes, the PDF tails are proportional to jPGAj α 1 with α close to 1. Furthermore, the values reported for α are in good agreement with the values computed for the ground motions recorded at the surface during the 1999 Chi-Chi earthquake (α ≈ 1:) and the ground motions recorded at the surface during the 2004 Parkfield earthquake (α ≈ 1:1); see Lavallée and Archuleta (2005) and Lavallée (2008) .
The other parameters of the Lévy law (β, γ, and μ) are not constrained by the model discussed in the previous section. Thus variations in these parameters from one window's setting to another, as well as from PGA recorded at the surface and PGA recorded at the bottom of the borehole, are expected (see also Gusev, 1996; Lavallée and Archuleta, 2005; Lavallée, 2008) . The curves of the PGA as a function of the closest distance illustrated in Figures 4 and 5 indicate that the spreading of the PGA value in a given window is a function of the closest distance. The parameter γ of the Lévy law controls the spreading of the PDF curve and is thus a function of the window size and window position. The same comment applies to the parameter μ that controls the location of the PDF curve. Except for two settings (see Tables 1 and 2 ), the parameter β takes values close to 1. This is an artifact due to the method used to select the PGA values from the recorded ground motions (see also Fig. 2) .
The random properties of the ground motions, and a fortiori of the ground motion metrics, are not completely and uniquely specified by the random properties of the slip. Only the law that governs the fall off of the PDF curve is essentially constrained by the random properties of the slip. Time and space variations in source parameters such as the rupture velocity, as well as medium effect (such as scattering) and site effect, will directly affect the distribution of values recorded in the ground motion. However, according to the model discussed in the previous section, these effects will mainly affect the width and location of the PDF of the ground motion metrics, respectively controlled by the parameters γ and μ of the Lévy law.
There are alternative probability laws that can be used to model the PDF of the PGA, for instance the lognormal law. Discussions about these alternatives can be found in Abrahamson (1988) , Gusev (1989) 
Random Models of the Slip Spatial Distributions
Several source models of the 2003 Tochaki-Oki earthquake have been discussed in the literature (see Introduction). In the source models inverted by Honda et al. (2004) and Koketsu et al. (2004) , the orientation of the slip, given by the rake angle, does not vary too much as a function of the spatial coordinates. For this reason, it should be sufficient to investigate the random properties of the slip amplitude in order to quantify the random properties of the slip heterogeneous variability. Andrews (1980) introduced a random model for the stress drop as well as for the final slip spatial distribution that is scale invariant for a range of length scales that varies approximately from 10 2 to 10 4 m. According to this random model, the correlation is such that the power spectrum of the slip decreases asymptotically with a power law behavior. In one dimension (1D), the spectrum of the slip is thus proportional to k
, where k x is the wavenumber component along the length of the fault corresponding here to the x axis. The exponent ν 1D essentially characterizes the degree of correlation of the slip spatial distribution. For ν 1D 0, the random model is uncorrelated and thus corresponds to a white noise. Here we assume that white noise is equivalent to a set of independent random variables with the same distribution. The power law behavior can be obtained by using (among others) a von Karman model (Mai and Beroza, 2002; Guatteri et al., 2003; Hartzell et al., 2005; Liu et al., 2006) or the fractional Brownian motion (fBm) (Andrews, 1980; Lavallée and Archuleta, 2003; Liu-Zeng et al., 2005) . Usually, the fBm consists essentially of Gaussian random variables filtered in the Fourier space by the proper power law function, such as k
(see Peitgen and Saupe, 1988; Falconer, 1991) . In 1D, formulating the slip spatial variability as the fBm gives the following relation:
× F s X i exp 2πix 1s 1=N: (11)
The random variables X x are distributed over a 1D lattice of length N. The index x is the integer spatial component along the 1D lattice. The discrete variable s is related to k x by k x 2πs 1=N; F s X x is the discrete Fourier transform of the random variables (the value of F s X x for s ≤ 0 in equation (11) is given by F s X x , with index s → N s).
We also assume that k
With this formulation of Δu x , it is possible to invert Δu x to compute the original random variables X x and the probability density function PDFX x . For this purpose, it is sufficient to note that the 1D power spectrum Pk x for Δu x will have the following functional behavior:
Estimating Pk x and then ν 1D , the spatial distribution of the random variables X x are finally given by computing the Fourier inverse F 1 x in the expression
(a generalization of the model to 2D is discussed in Lavallée et al., 2006) .
In Lavallée and Archuleta (2003) , they generalized the usual formulation of the fBm by releasing the assumption that the X x are distributed according to the Gauss law. They assumed the more general Lévy law. According to this formulation, the probability law controlling the distribution of the X x and the parameters of the probability laws are thus determined by analyzing the spatial slip distribution of Δu x . Computation of the probability laws associated with the random variables of the source models of several earthquakes (the 1979 Imperial Valley, 1989 Loma Prieta, 1994 Northridge, 1995 Hyogo-ken Nanbu (Kobe), 1999 Chi-Chi, and 2004 Parkfield earthquakes) have shown that the Cauchy law or the more general Lévy law provided a better representation of the PDFX x (see Lavallée and Archuleta, 2003, 2005; Lavallée et al., 2006; Lavallée, 2008) . In particular, the Lévy law offers the proper parameterization of the tail of the PDFX x with the important Lévy index α controlling the rate of fall-off of the tail given by X α 1 x . The random model in equation (11) is thus specified by the parameter ν 1D and the four parameters of the Lévy law (α, β, γ, and μ). Note that according to equation (11), both X x and Δu x are governed by the same probability law (see Lavallée 2008 for details.) The parameters of the random model of the slip distribution Δu x given by equation (11) are estimated for the sources discussed in Honda et al. (2004) and Koketsu et al. (2004) . First, the power spectrum is computed for the slip amplitude of each layer along the strike direction of the fault. For each source model, the mean power spectrum of the layers has been computed. The curves show that all the wavenumbers contribute to the slip variability but also that the weight of the wavenumbers approximately follows a trend given by a decaying power law (see Fig. 12 ). The values of the parameters ν 1D are reported in Table 3 . The parameter ν 1D 2:5 computed for the slip in Koketsu et al. (2004) is significantly larger than the values reported in Lavallée et al. (2006) , with ν 1D taking values that range from 0.78 to 1.71. For large k x , the source model in Koketsu et al. (2004) is thus significantly more correlated than the model computed by Honda et al. (2004) with ν 1D 1:3. Values between 3 and 4 have been reported in the literature, but the slip amplitudes have been interpolated prior to the Fourier analysis (Somerville et al., 1999; Mai and Beroza, 2002) . For a discussion on the merit of interpolating source models before performing a Fourier analysis, see Lavallée and Archuleta (2003) and Lavallée et al. (2006) . Figure 12 . The mean power spectrum Pk x as a function of the wavenumber k x and the best straight line that fits the log-log curve are reported for the slip amplitudes computed in the source models of Honda et al. (2004) (triangles) and Koketsu et al. (2004) (squares). The quality of the fits, as estimated by the values of the linear correlation coefficient (in absolute values), are 0.98 and 0.96 for the slip amplitudes, respectively, in Honda et al. (2004) and Kokestsu et al. (2004) . The power law behavior is observed for length scales that range from 20 to 140 km. The factor jk x j ν 1D =2 in equation (11) controls the relative weight given to spatial heterogeneity at different wavelengths (or length scales). The weight decreases as k → ∞ (or as the characteristic size of heterogeneity gets smaller). The results suggest that medium-to small-scale heterogeneities in the source model inverted by Koketsu et al. (2004) have a lesser contribution to the overall complexity of the slip distribution when compared to the source model inverted by Honda et al. (2004) .
To obtain the distribution of random variables X x , each layer of the slip spatial distribution is filtered according to equation (13). We assume that the resulting random variables are white noise, and we compute the discrete probability density function PDFX x (see Figures 13 and 14) . The last step involves computing the parameters of the probability law that best fit the PDFX x . Three probability laws are considered: the Gauss law, the Cauchy law, and the more general Lévy law. The procedure to estimate the parameters of the three probability laws is discussed at length in the appendix of Lavallée et al. (2006) . The curves of the Gaussian, Cauchy, and Lévy law that best fit the PDFX x are illustrated in Figures 13 and 14 . The parameters of the Gaussian, Cauchy, and Lévy laws are reported in Table 3 . The values for the parameter α listed in Table 3 for both sources are in good agreement and take values close to the 1.5 value reported for the 1995 Hyogo-ken Nanbu (Kobe) earthquake by Lavallée et al. (2006) .
In Table 3 , there is a significant variation in the values of the parameter γ (or σ) from one source model to another. This is related to the significant difference of filtering in equation (13) when computing X x . The filtering is controlled by the parameter ν 1D that goes from 1.3 (Honda et al., 2004) to 2.5 (Koketsu et al., 2004) . The slip distributions in Honda et al. (2004) and Koketsu et al. (2004) have a similar range of values. In this instance, a larger amount of filtering of the slip computed by Koketsu et al. (2004) in equation (13) leads to a narrower distribution of random variables (see Fig. 14) when compared to the range of X x values obtained for the slip inversion in Honda et al. (2004) (see Fig. 13 ). The parameter γ (or σ) controls the dispersion of the PDF. The difference in the γ (or σ) values reported in Table 3 is largely the consequence of the difference in the range of X x values obtained in the two source inversions. Similar results are obtained when comparing the parameters of the Lévy laws computed for several kinematic inversions of the 2004 Parkfield earthquake (see Lavallée, 2008) . The parameter β is close to 0 for the slip distribution discussed in Koketsu et al. (2004) , suggesting that fluctuations around the most probable X x are evenly distributed. However for the slip in Honda et al. (2004) , β 1 indicates a larger frequency of positive fluctuations with respect to the most probable X x value. It should be noted that, of the four parameters of the Lévy law, the parameter β is the one estimated with the least accuracy (see appendix in Lavallée et al., 2006) . For both source models, the parameter μ takes values close to 0. This is an artifact of the operation used to compute X x (for additional details, see Lavallée et al., 2006) .
Discussion
The source model inverted by Honda et al. (2004) is based on the analysis of the signals recorded at nine K-NET stations and six KiK-net stations. In Koketsu et al. (2004) , the ground motions recorded at 11 KiK-net stations and horizontal displacements at the 127 Global Positioning System stations are used to invert the slip distributions. Only three of these stations (HDKS07, TKCS7, and HDKS08) were used in both computations. Additionally, the fault geometry differs from one inversion to another. The velocity structure and the methods used to compute the Green's function are also different. The spatial distribution of the slip heterogeneity varies from one inversion to another, both in the slip direction and in the relative modulation and position of the largest slip values (compare fig. 6 in Honda et al., 2004, to fig. 8 in Koketsu et al., 2004) .
We discuss how these differences may potentially affect the computation of the parameters of the random model of fault slip. For both models, the mean 1D spectrum, and thus the 1D correlation function, attenuates as k
. The value of the parameter ν 1D is different from one inversion to another (see Table 3 ). The difference in the value of ν 1D may have to do with the imposition of different smoothing constraints in computing the slip distribution and other features specific to the method used to compute the source model. In a comparison of the random models computed for different source models of the 2004 Parkfield earthquakes, Lavallée (2008) reported also a variation in the estimated values of the parameter ν 1D . In Lavallée (2008) , the source models differ with the number of stations and with the stations selected to compute the kinematic inversion. However, the difference between the values of ν 1D in Lavallée (2008) is smaller than the difference between the two values of ν 1D listed in Table 3 . This suggests that the difference between the parameters ν 1D computed in Table 3 cannot only be attributed to the different sets of stations used to compute the source models. The parameter ν 1D is the exponent of the 1D power spectrum (see equation 12 and Figure 12 ). The parameters of the Gauss μ; α, Cauchy γ; μ, and Lévy α; β; γ; μ laws that best fit the PDFX in Figures 13 and 14 are listed.
The results obtained for the 2003 Tokachi-oki earthquake (this paper) and the 2004 Parkfield earthquake (Lavallée, 2008) confirm the difficulty in properly computing the correlation of the spatial slip distribution. If the computation of an accurate value of ν 1D is still difficult to achieve for a given earthquake (in the sense that the computed ν 1D stays invariant from one inversion result to another), it remains possible to estimate a range of potential values for ν 1D by the investigation of the random properties of several source models.
Computations of the curves of the PDF for both source models provide a more consistent picture when the effect of filtering Δu x to obtain the set of random variables X x is discounted. For both source models, the Cauchy and Gauss laws provide reasonable fit of the computed PDFX X (see Figs. 13 and 14) . The Gauss curves properly measure the 
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x (c) Figure 13 . (a) The (discrete) probability density function (PDF; red and blue dots and bars) associated with the filtered slip X x in the source model of Honda et al. (2004) is compared to the curves of the three probability laws that best fit the PDF: the Cauchy law (black curve), the Gauss law (dashed curve), and the Lévy law (green curve). The left side of the PDF (X x < 0) is colored in red. while the right (X x > 0) side is in blue. The magnitude of the random variables (i.e., the filtered slip) is given by X x . (b) The left tails of the curves on a log-log plot emphasize the fit for values far into the tail. (c) The right tails of the curves on a log-log. The PDF tail decreases according to a power law X α 1 , with α ≈ 1. Note that, according to the Gauss law, the large events (the last points on the right hand side of the graphics) have almost a zero probability of being observed. The frequency of these large X x controls the probability to observe asperities-or large value of slips-over the fault surface during an earthquake (see fig. 4 in Lavallée and Archuleta, 2003) . The parameters of the Gauss, Cauchy, and Lévy laws are reported in Table 3 . Figure 14 . Same as Figure 13 for the source model discussed in Koketsu et al. (2004) . The Cauchy law (black curve) provides a good fit to the maximum of the PDFX x and large positive and negative values of X x . According to the Gauss law, the large events-the last point on the left side of the graphics-have almost a zero probability of being observed. The parameters of the Gauss, Cauchy, and Lévy laws are reported in Table 3. frequency of small values of X x near the maxima of the PDFX x but miss the maximum and largely underestimate the frequency of large X x . The frequency of occurrence of these large X x is essentially related to the probability of observing large slip values (see Lavallée, 2008 , for the details). The Cauchy curves, however, provide a better quantification of the frequency of large X x values, as shown in Figure 13b ,c. When computing the parameters of the Cauchy and Gauss laws that best fit the PDFX x , the parameter α of the more general Lévy law is respectively fixed to 1 and 2. The parameter β is again fixed to 0 and not relevant when computing the Gauss probability law (see, among others, Uchaikin and Zolotarev, 1999) . When we relax the constraint on the parameters α and β and compute the parameters of the Lévy laws that best fit the PDF curves of the two source models, the parameter α takes almost the same value for both source models. A similar conclusion was obtained when comparing the parameter α computed for several source models of the 2004 Parkfield earthquake (Lavallée, 2008) . The results obtained for the two source models of the 2003 Tokachi-oki earthquake indicate that the probability of observing large fluctuations in X x values, and thus in slip values departing significantly from the most probable value of X x (given by the maximum of PDFX x ), is essentially controlled by the same attenuation law proportional to jX x j α 1 . This attenuation law jX x j α 1 is thus independent of the algorithms used to compute the source model. It should be noted that an estimation of the parameters α is largely independent of the filtering process in equation (13) (for details, see the appendix in Lavallée et al., 2006) . According to the random model of ground motion discussed in the Random Model of the Earthquake Ground Motions section, the probability law describing the PGA and the probability law characterizing the spatial slip distribution should be characterized by the same parameter α. For the PGA, the parameter α takes a value close to 1, while it takes a value close to 1.45 for the two source models. The difference is noticeable and well illustrated by comparing the tails of the Cauchy curves to the tails of the Lévy curves (see Figs. 13 or 14) . However, this difference may not be significant when taking into account the following observations. First it should be noted that the Cauchy curves provide a reasonable fit of the PDFX x for both source models, as shown in Figures 13 and 14 . Second, contrary to the PDF of PGA illustrated in Figures 6 to 11 , there are only a few points in the tails of the PDFs computed for the sources of the Tokachi-oki earthquake (see Fig. 13b,c) . The PDFX x evaluated for several source models also have more values located in the probability tails (for examples, see Lavallée and Archuleta, 2003; Lavallée and Archuleta, 2005; Lavallée, 2008) . The lack of values available in the tails of the PDFs makes it difficult to get an accurate estimate of the functional behavior of the PDFX x for large values of jX x j and thus to obtain a proper measure of the parameter α. It should be noted that the gap of PDF values in the PDF tail is common to both inversion results discussed in this paper.
Finally, in the appendix of Lavallée et al. (2006) , it is reported that, when fitting the parameter α under almost ideal conditions, the uncertainty on the estimated α is of the order of 0:3. Although it is speculative to infer the uncertainty on fitting the parameter α for real data, one can safely assume that it is at least of the order of 0:3 but likely is of a larger magnitude. A larger uncertainty in the estimated parameter α will also account for the difference observed between the values of α estimated for the PGA and the slip spatial distribution.
Finally, application of theoretical models of complex phenomena such as earthquake rupture and radiated fields to real data is usually not possible without approximations or disregarding some effects such as directivity or shallow nonlinear soil effects. Theoretical models themselves also have limitations. The limitations of the models mentioned in the sections Random Model of the Earthquake Ground Motions and Random Models of the Slip Spatial Distributions of this paper, as well as the approximations needed for their applications to real or inferred data, are also discussed in Lavallée et al. (2006) and Lavallée (2008) .
Conclusion
In a discussion regarding performance-based earthquake engineering (PBEE), Heaton (2007, p. 185) underlines the importance of the random properties of the ground motion in mitigating hazards due to an earthquake. "To really achieve PBEE implies that we have an adequate characterization of the expected ground motion and their corresponding building responses. If either ground motions or building responses have characteristics of power laws, then it is especially important that we understand the tails of the statistical distributions." In this paper, the random properties of the ground motion generated during the 2003 Tokachi-oki earthquake are investigated and compared to the random models of the two source models inverted by Honda et al. (2004) and Koketsu et al. (2004) . For this analysis, we used ground motions recorded at the ground surface of the stations of the K-NET network and ground motions recorded at the surface and in the boreholes of the stations of the KiK-net network. Based on rather general properties of the random variables (the central limit theorem) and the representation theorem discussed in the second section, we have shown that the distribution of the ground motion in general, and the distribution of the PGA in particular, are best approximated by the Lévy law. According to this model, the tails of the probability density functions of PGA recorded at the surface or in boreholes should decrease according to the power law given by jPGAj Tables 1 and 2) . These values are in good agreement with the values computed for the PGA recorded during the 1999 Chi-Chi earthquake (Lavallée and Archuleta, 2005) and the 2004 Parkfield earthquake (Lavallée, 2008) . Furthermore, these results suggest that nonlinear shallow soil properties may not influence the rate of decrease of the PDF tails of PGA recorded at the surface, indicating that the source characteristics principally govern the distribution of large PGA values.
We then proceed to compute a random model of the two source models derived by Honda et al. (2004) and Koketsu et al. (2004) . It should be noted that the main features of the random model of spatial slip variability are preserved in the two source models. This conclusion holds despite the different sets of ground motions and other assumptions used to compute the source models (see Discussion). These results suggest that the random properties embedded in the ground motions and partially captured by kinematic slip inversions are invariant from one subset of ground motions to another.
The random model is similar to the fBm and is characterized by five parameters in general. The parameter ν 1D , which characterizes the degree of spatial correlation of the slip distribution, takes values that are significantly different for the two source models (see Table 3 ). There is no simple explanation for this difference that may find its origin in the different assumptions and algorithms used to construct the two source models. The four other parameters needed to complete the description of the random model of the spatial slip distributions are the four parameters of the Lévy law. For both source models, the important parameter α takes values close to 1.45. This value exceeds the value predicted by the analysis of the PGA where α ∼ 1. However, the difference between the values obtained for the slip and the values computed for the PGA can be understood (at least partially) when taking into account the uncertainties associated with the computation of the probability density functions of the filtered slip. It should be added that the Cauchy law (α 1) provides a reasonable fit of the probability density functions of the filtered slip (see Figs. 13 and 14) .
What are the differences between a random slip distribution with α ∼ 1 and a slip distribution characterized by α ∼ 1:5? A slip distribution with α ∼ 1 will include a larger number of asperities (or a larger area of the faults characterized by high stress drop) than a slip distribution characterized by α > 1. The larger the α is (with a maximum α 2), the less likely that it is possible to observe asperities. This is well illustrated by the asymptotic behavior of the Gauss curve in Figures 13 and 14 , which fail to predict the largest observation of the (filtered) slip. The values of the parameter α estimated for the PGA suggest that the source models investigated in this paper are underestimating the number of asperities and/or the strength of the asperities.
Data and Resources
Strong ground motions used in this study were recorded by K-NET and KiK-net networks. The list of PGA as a function of the closest distance are available by contacting the second author, Hiroe Miyake (hiroe@eri.u-tokyo.ac.jp). The kinematic source models of the 2003 Tokachi-oki earthquake discussed in this paper came from published papers listed in the references.
